We consider super-gravity models in which the lightest supersymmetric particle (LSP) is a stable gravitino. The next-to-lightest supersymmetric particle (NLSP) freezes out with its thermal relic density and then decays after (10 5 −10 10 ) sec, injecting high-energy photons into the cosmic plasma. These photons heat up the electron plasma which then thermalizes with the cosmic microwave background (CMB) via Compton scattering, bremsstrahlung and double-Compton scattering. Contrary to previous studies which assume instantaneous energy injection, we solve the full kinetic equation for the photon number density with a source term describing the decay of the NLSP. This source term is based on the requirement that the injected energy be almost instantaneously redistributed by Compton scattering, hence leading to a time-dependent chemical potential. We investigate the case of a stau NLSP and determine the constraints on the gravitino and stau masses from observations of the CMB spectrum by assuming that all gravitino LSPs come from stau NLSP decays. Unlike the analytical approximations, we find that there may be a stau mass below which the constraint from the CMB spectrum vanishes.
I. INTRODUCTION
Supersymmetry provides mainly two compelling candidates for cold dark matter: either the gravitino or the neutralino, depending on which one is the LSP. If we require that R-parity be conserved, the NLSP decays into the stable LSP and releases energy in standard model particles. At leading order, these late decays are twobody and the accompanying energy is mainly electromagnetic.
Part of the electromagnetic release is transferred to the cosmic microwave background radiation. The CMB then re-thermalizes through three relevant processes: Compton scattering (γ+e → γ+e), double-Compton scattering (γ +e → γ +γ +e) and bremsstrahlung (e+p → e+p+γ). The energy injection may distort the CMB, depending on the redshift at which it occurs and on the various time scales of the processes. Early NLSP decays can be fully thermalized, whereas distortions caused by injection from late decays cannot. Varying the NLSP and LSP masses, it is possible to control both the NLSP lifetime and the energy injected in the CMB.
The CMB is not only very isotropic, but it also has a very precise Planck spectrum. The FIRAS instrument aboard the COBE satellite constrains the deviation from a perfect blackbody spectrum in terms of a few numbers. Important for this work is the limit for the chemical potential [1] |µ| ≤ 9 × 10 −5 .
This bound has been used to derive limits for the energy released by NLSP decays as well as the NLSP lifetime. Observational constraints on the CMB spectrum can be translated into bounds for the stau NLSP and gravitino LSP masses. It should be mentioned that we explicitly assume that all gravitinos present in the universe are produced by stau decays. Some models suggest that gravitino LSPs may also be produced by scattering interactions after reheating, leading to less stringent constraints. Recently, several papers have employed an analytic approximation to determine these limits [2] [3] [4] . The approximation used in [2] [3] [4] is derived in Ref. [5] . This analytical result turns out to provide the most stringent limit on the gravitino dark matter model in some range for the NLSP and LSP masses. This prompted us to repeat the calculation numerically.
We find that the bounds for a chemical potential of µ < 9×10 −5 given by [5] is a good approximation only for stau masses above 500 GeV. Below this mass, our bounds are less stringent and even disappear for staus lighter than 100 GeV. We also consider the limit µ < 10 −5 and find that our results suggest lighter gravitinos or equivalently shorter stau lifetimes. Finally, we consider an upper bound on the chemical potential of 2 × 10 −6 as planned to be achieved in the DIMES experiment [6] . We find that, if DIMES does not see a chemical potential, µ < 2 × 10 −6 , gravitinos cannot significantly contribute to the dark matter if supersymmetry breaking is gravity mediated.
After recalling some properties of the NLSP in the next section, we write down the full kinetic equation for the evolution of the photon one-particle distribution function in Section III. We express it as an evolution equation for a frequency-dependent chemical potential. This allows us to determine the chemical potential for a given point in the (m NLSP , m LSP ) and (m NLSP , τ NLSP ) plane of the NLSP and to draw exclusion plots in Section IV. We summarize our conclusions in Section V.
II. NLSP PROPERTIES
We investigate a super-gravity model with a gravitino LSP and a stau NLSP. We assume that the NLSP freezes out with thermal relic density and decays after a time determined by both its mass and the LSP mass. Due to the suppression of non-photonic decay channels, the branching ratio for decays to photons is set to be equal to one.
Gravitino LSPs are produced through NLSP decays NLSP → LSP + SMP, where SMP are standard model particles. Using the standard N = 1 super-gravity Lagrangian, the rates for the various decay channels of the NLSP can be calculated.
A. Slepton NLSP
We assume a gravity-mediated supersymmetry breaking model, where the gravitino LSP mass is of the order 10 2 − 10 4 GeV and the stau NLSP lifetime of the order 10 4 − 10 10 sec. In gauge-mediated supersymmetry breaking models the gravitino is also the LSP but is much lighter (mG keV), resulting in a much shorter NLSP lifetime. In such models, the present CMB constraints do therefore not apply.
The width for the decay of any sfermionf to a gravitinoG for a negligible fermion mass is given by
where M * = (8πG N ) −1/2 is the reduced Planck mass. Stau NLSPs decay to taus and gravitinos, which then decay to e, µ, π 0 , π ± and ν. As mentioned in Ref. [3] , the electromagnetic energy produced in τ decays varies between ǫ min EM ≈ 1 3 E τ and ǫ max EM = E τ . If not specified, a value of ǫ EM = 0.8E τ will be assumed throughout of this paper.
B. Thermal relic density
Using the thermal relic density of the right-handed slepton NLSPs determined in Ref. [7] and the thermallyaveraged cross section from Ref. [8] , the stau relic abundance is given by
As long as the staus do not decay, their time-dependent number density can be expressed as
The fact that the final gravitino density, ΩGh 2 = (mG/mτ )Ωτ h 2 , is bounded by observations, ΩGh 2 ≤ 0.14 [9] together with Eq. (2) implies an upper bound for the gravitino mass as a function of the stau mass:
III. EVOLUTION EQUATION FOR THE PHOTON NUMBER DENSITY
The decay of unstable particles into photons during the early stages of the universe can lead to distortions in the CMB. Depending on the redshift at which energy is injected, this may leave a measurable imprint of the early decays. This is the process which we now analyze in detail.
A. Energy injection by particle decays
Energy injection resulting from NLSP decays heats the electrons, leading to a ratio T e /T CMB larger than one, where T e is the electron temperature and T CMB is the temperature of the CMB. Due to the tight coupling between electrons and photons during the early stages of the universe, the energy surplus of the electrons is redistributed among the photons, distorting the CMB photon distribution from a blackbody spectrum. Assuming that the energy transfer between electrons and photons results in a Bose-Einstein spectrum with a frequencyindependent chemical potential, it is possible to relate this resulting chemical potential to the number and energy density of the injected photons and electrons.
Following the analysis done in [5] , we can write the energy in a Bose-Einstein distribution as
where we assume a small chemical potential. The number density is given by
Here ζ denotes the Riemann ζ-function (see Ref. [10] ). Furthermore, due to energy conservation, we know that the energy density may also be written as
where ρ decay is the energy density injected by the NLSP decays and ρ P is the density of the CMB photons. This equation is only valid if the injected photons are redistributed in a negligible amount of time compared to the time scales of double-Compton and bremsstrahlung. However, this does not hold for the low-frequency spectrum, where the photon-creating processes dominate. More precisely, the injected energy density is given by the following differential equation
where τ is the lifetime of the NLSP. Due to the fact that tau decays also produce several neutrinos, the right hand side of Eq. (8) has been multiplied by a factor ǫ describing the ratio of the injected energy to the total energy. As pointed out in Sec. II A, ǫ may have a value between 0.3 and 1; we set ǫ = 0.8. In order to solve Eq. (8), we integrate both sides from t in to t and obtain
where Erf is the error function as defined in [10] . Similarly, the photon number density is given by
where n decay is the injected photon number density given by the following differential equation
Here N γ is the number of photons per stau decay injected into the spectrum. The solution of Eq. (11) is given by
Inserting Eq. (9) and Eq. (7) into Eq. (5), as well inserting (12) and Eq. (10) into Eq. (6) we find the relations:
These equations cannot be solved simultaneously since there are three unknowns, µ inj , T e and N γ . However, it turns out that the chemical potential is independent of N γ up to an unreasonable photon number injection of ≈ 10 7 photons per NLSP decay, as shown in the bottom panel of Fig. 1 . The top panel shows the time evolution of the chemical potential for two different stau lifetimes. Up to now, we have assumed that the energy injection caused by stau decays was instantaneously converted in a chemical potential through Compton scattering. However, there are also two other processes that do not conserve the photon numbers: bremsstrahlung and doubleCompton scattering. The influence of both processes is discussed in the next section.
We shall use the value µ inj obtained in this section as initial condition for the numerical solution of the Boltzmann equation discussed below.
B. Photon-matter interaction
When the universe is more than a few minutes old, the coupling of CMB photons and matter is basically due to three processes: Compton scattering, double Compton scattering and bremsstrahlung. If these processes are no longer very efficient, the spectrum can be distorted. Especially, if double Compton scattering and bremsstrahlung become weak, the photon number can no longer be changed and energy injection into the CMB leads to a chemical potential. With this in mind, we parameterize a general distorted spectrum by a BoseEinstein distribution with a frequency-dependent dimensionless chemical potential µ(x, t),
where x = hν/T e is the dimensionless photon frequency. The collision terms in the Boltzmann equation for the three relevant processes (Compton scattering, doubleCompton scattering and bremsstrahlung) are studied in [11] .
The first term describes Compton scattering, the second bremsstrahlung, the third term double Compton scattering and the fourth is the injection term given by the solution of Eq. (13). We have introduced the Heaviside function θ in the double-Compton scattering term, to take into account that it is active only for x < 1. The constant t γe = (n e σ T ) −1 is the Thomson scattering time, Q = 2
is the Gaunt factor. More details on the collision terms can be found in Refs. [5, 11] or [12] .
Since we expect a small value of the chemical potential, we can expand this equation to first order in µ.
The zeroth order is the equilibrium distribution, and the first order in µ describes the spectral distortion. The kinetic equations for the three relevant processes (Compton scattering, double Compton scattering and bremsstrahlung) [11] , then becomes a linear equation for the evolution of the chemical potential (µ ′ = ∂µ/∂x),
µ(x, t)
We have solved both systems of equations numerically and find consistent results. When interested in values µ ∼ 10 −5 , we start at t in = 10 5 sec, but when we want to detect chemical potentials on the level of µ ∼ 10 −6 we have to start at t in = 10 4 sec.
C. Time evolution of the frequency-dependent chemical potential
As shown in Ref. [12] , energy injected at a redshift higher than z ∼ 10 7 , corresponding to a time t 10 5 sec is fully thermalized. Furthermore, at decoupling time t dec ≈ 10 13 sec, the CMB spectrum is frozen in and does not evolve anymore apart from redshifting the photon momenta. However, as shown in Fig. 2 , the photoncreating processes are unable to reduce a chemical potential already as early as t 10 8 sec, much before recombination.
We see from the top panel of Fig. 2 that, compared to the chemical potential of a Bose-Einstein spectrum (dashed blue line), double-Compton and bremsstrahlung significantly reduce the magnitude of the distortions from a blackbody spectrum: the chemical potential at late times has been reduced from 7.4×10 −5 to 4.3×10 −5 . The bottom panel of Fig. 2 shows the frequency dependence of µ evaluated at different times. The high-frequency range is dominated by Compton scattering. The chemical potential is constant above x 1, describing a true BoseEinstein spectrum. The low-energy spectrum is dominated by the photon-creating processes which can destroy the chemical potential and lead to a Planck spectrum below x 4 × 10 −3 at recombination time. It is clear that the later the energy injection, or equivalently the later the staus decay, the weaker are the photon-creating processes which would reduce the distortions. However, it should be kept in mind that our equations are valid only if Compton scattering can achieve a Bose-Einstein spectrum. By requiring that Compton scattering be well active during stau decays, we can put an upper limit on the stau lifetime. Following the analysis of [12] , a given spectrum can only relax to a BoseEinstein spectrum before t BE ≃ 10 9 sec. Therefore, the accuracy of a solution of Eq. (15) for a stau lifetime longer than τ NLSP ∼ 5 × 10 8 sec becomes questionable and untrustworthy for τ NLSP 10 9 sec. On the other hand, after freeze-out of Compton scattering, the injected energy resulting from stau decays cannot be scattered downward in frequency. But there are several other processes that could leave an imprint on the measurable CMB spectrum. For example, photons produced during stau decays have an energy much greater than the electron mass and can create electronpositron pairs through the process γ + γ → e + + e − . The rate of this process has a typical value of Γ DP ≈ 10
e /22T [13] . Compared to the Hubble rate H = 1/2t, we see that this process plays an important role in heating up the electrons. However, the raise of the electron temperature does no longer affect the CMB spectrum when Compton scattering has already frozen out.
We have also analyzed the fact that the true electron temperature T e,true is not the same as the electron temperature T e obtained by solving Eq. (13) due to the influence of bremsstrahlung and double-Compton scattering which reduce the chemical potential from the value µ inj . Given the chemical potential µ at recombination time, we can calculate T e by inserting µ into one of the equations of the system (13) . We have found that T e,true only differs from T e by ∼ 10 −4 , and that changing the electron temperature in Eq. (15) by such small amounts has no effect. (This is not so surprising, as the effect is of second order.) . The dashed line corresponds to ΩGh 2 = 0.12, the best fit value for the cold dark matter density from the WMAP experiment [9] . The dark shaded region in the middle (magenta) is forbidden for a chemical potential limit of µ < 9 × 10 −5 (top) and µ < 10 The dashed line corresponds to ΩGh 2 = 0.12, the best fit value for the cold dark matter density from the WMAP experiment [9] . The regions are labeled as in Fig. 3 . In the top panel the limit on the chemical potential is µ < 9×10 −5 while we require µ < 10 −5 in the bottom panel. The approximation of Ref. [5] excludes the entire region above the solid line.
IV. CMB CONSTRAINTS ON THE STAU AND GRAVITINO MASSES
The FIRAS instrument aboard the COBE satellite has measured a temperature T 0 = 2.725 ± 0.001 Kelvin [14] , and it was able to give an upper bound for the chemical potential [1, 15] , |µ| < 9 × 10 −5 . This bound comes from measurements in the frequency range from 2 to 600 GHz, corresponding to x = hν/T 0 ∈ [0.03, 10]. There are also some measurements at lower frequencies, but their accuracy is worse, leading to a lower bound on µ which is by at least an order of magnitude higher. To obtain good accuracy in the measured interval, we numerically compute the chemical potential for Due to the limitations explained in the previous section, not every point in the (m NLSP , m LSP )-plane can be calculated, but we expect the chemical potential to be much smaller than the experimental limit for points where our calculation cannot be trusted. An estimate of the chemical potential caused by an instantaneous energy injection is given in [5] . It is shown as a solid line in Figs. 3 to 6. This approximation is not very precise for small distortions. While it is in good agreement with our results for staus heavier than 500 GeV, it does not take account of the fact that light staus do not inject enough energy to significantly distort the spectrum. As shown in the upper panel of Fig. 3 , the bound on the gravitino mass disappears for staus lighter than ≈ 100 GeV. Moreover, due to the freeze-out of Compton scattering, we have introduced a limit on the gravitino masses corresponding to a stau lifetime 10 9 sec. All gravitino masses leading to longer stau lifetimes are allowed.
Our results match quite well with the approximation given in [5] for µ < 10 −5 , as shown in the bottom panel of Fig. 3 . We find the same limit for light staus and a somewhat more stringent limit for heavy staus. However, when compared to the stau lifetime (see the bottom panel of Fig.4 ), our numerical results give a limit on the lifetime that is up to five times shorter than the one obtained by using the approximation.
As mentioned in Sec. III A, the injected energy depends on the energy going into neutrinos. This is described by the parameter ǫ. Contrary to what is claimed in [3] , our results depend significantly on this parameter. We considered the two extreme cases ǫ = 0.3 and ǫ = 1 and the usual case ǫ = 0.8 (Fig. 5) . The case ǫ = 0.3 is much less constraining than ǫ = 0.8, even completely disappearing for staus lighter than 140 GeV. On the other hand, the cases ǫ = 1 and ǫ = 0.8 match well down to mτ ≃ 200GeV below which the former becomes more stringent.
Future missions like the Absolute Radiometer for Cosmology, Astrophysics Diffuse Emission (AR-CADE) [16, 17] or the Diffuse Microwave Emission Survey (DIMES) [6] experiments may improve sensitivities in the poorly studied centimeter-wavelength band, improving the limit on the chemical potential to about |µ| < 2 × 10 −6 . In our model, if neither DIMES nor AR-CADE is able to measure distortions of the CMB, gravitinos could only contribute to the missing dark matter if τ NLSP 10 9 sec or τ NLSP 2×10 5 sec (see Fig. 6 ). However, combining our results with other constraints [18] , we find that gravitinos could not significantly contribute to the dark matter for such a bound. 
V. SUMMARY
We have studied the effect on the CMB from stau NLSP decays into gravitino LSPs, assuming that the staus freeze out with their thermal relic density. We have numerically solved the kinetic equation for the photon number density with non-instantaneous energy injection. We have found that our numerical results are in good accordance with the analytical approximation [5] for the induced chemical potential µ < 9 × 10 −5 if the stau is heavier than 500GeV, but differs considerably for lighter stau masses. For light staus the constraints are weaker and even disappear for mτ < 100GeV. On the other hand, the approximation underestimates the limits for stronger constraints given by µ < 10 −5 or even more for µ < 2 × 10 −6 . This limit, which could be achieved in planned experiments [6, 16] , together with other contraints [18] would completely exclude the gravitino as dark matter candidate in models with gravity-mediated supersymmetry breaking. However, allowing a gravitino production after reheating leads to less stringent constraints than our results. We also found that the results depend sensitively on the energy injection parameter ǫ.
